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Abstract 

Recent experiments of IMP1 satellite show the existence of high energy electrons with 

E 2 30 kev in  the transition region between the shock and the magnetosphere. We propose the 

electrons are locally accelerated by means of a Parker - Wentzel version of the Fermi mechanism. 

The trapping and acceleration dynamics of a typical electron along the distorted background 

magnetic field line i s  studied. It i s  found that the magnetic bottleneck just outside the shoulders 

of  the magnetopause can reflect the gyrating electron toward upstream of the solar wind, while 

the large amplitude magnetohydrodynamic wave originated near the shock front can push the 

electron down stream. The electrons thus trapped gain about 3 - 4 times the energy before they 

can penetrate the advancing wave. Because of the scattering of small scale magnetic irregularities, 

a part of  the penetrated electrons redistribute their pitch angle and can be trapped again by 

another advancing wave train. Thus the high energy electrons found in the IMPexperiment wn be 

bui!t up by this process in  the order of a few minutes. 
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1 .  INTRODUCTION 

Reports (Ness, et al., 1964) from the measurements of the satellite IMP-1, 

I which was launched in  late 1963 by NASA, provides a general picture for the inter- 

planetary magnetic field around the earth. The magnetosphere i s  abruptly discontinued 

typically around 10 Re, (earth radius) where the magnetic field B rapidly decreases 

outward from values of 50 y to 10 y and the corresponding variance A B increases 

from the order of B/Bw 0.1 to ABB-1. This change occurs i n  a thickness of 

a few hundred kilometers and may be considered as a discontinuity i n  gross structures 

which i s  called magnetopause. Outside the magnetopause i s  a transition region where 

the magnetic field i s  observed to be turbulent and varies violently. The transition re- 

gion i s  separated from the interplanetary field by a col lisionless magnetophydrodynamic 

shock front which i s  typically located at 13 Re from the center of the earth. Fan, 

et al. (1964) and Anderson, et a l  , (1964) have independently detected electrons with 

energy E > 30 Kev in this transition region. Since there can be no prolonged geo- 

magnetic trapping outside the magnetopause, the origin of these high energy electrons 

i s  a rather interesting problem. Fan, et al., predicted that they are locally accelerated, 

whereas Anderson, et al , , conceived that they were high energy electrons leaked out 

from the outer boundary of the magnetosphere. 

In this paper we make a theoretical investigation on the feasibility of the 

mechanism of local acceleration. Because of the characteristic geometry and distorted 
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structure of the magnetic field near the magnetopause in the transition region, it i s  

plausible that electrons are accelerated to such high energy locally by means of Fermi 

mechanism. Fermi mechanism was first proposed by Fermi (1949) to explain the origin 

of cosmic rays, and implies that a charge w i l l  gain energy when it i s  trapped between 

two magnetic bumps moving toward each other where the particle collides with each 

bump and reflects back and forth many times. Different versions based on the same basic 

concept have been considered by various authors. Parker (1958a) considered the case 

where the moving bumps are hydromagnetic shocks which run across each other. 

cently, Wentzel (1963) extended Parker% theory to shock moving on a non-uniform 

background magnetic field. 

Re- 

The general physical picture of the transfer of energy in the proposed model i s  

as follows: 

magnetohydrodynamic interaction with the geomagnetic field forms the shock front 

because of the blocking of geomagnetic field against the solar wind. Also, as the 

dynamic pressure of the solar wind i s  never exactly constant in time, the small pressure 

disturbance generates hydromagnetic waves behind the shock front and propagates 

toward the magnetopause. Because of the low density, the small amplitude waves suf- 

fer no dissipation until they catch up with each other and build up ts a large amplitude wave 

pulse. The argument used here is  somewhat similar to that of Parker (1958b), who has 

shown that the flow of solar wind against the geomagnetic field should theoretically 

lead to hydromagnetic waves propagating down the magnetosphere with AB/B w 1. 

The large fluctuations observed by al l  recent measurements in the transition region 

seem to indicate that these large amplitude magnetic waves are very likely to occur 

The solar wind carries the interplanetary magnetic field with it, and i t s  



as predicted by theory. We sha I show in  Sections 2 and 3 that because of the geometry 

of the transition region and magnetopause, under plausible conditions charged particles 

can be accelerated by these large amplitude waves continuously via the Parker-Wentzel 

version of Fermi mechanism. This acceleration process i s  stopped when the cyclotron 

radius of the particle becomes comparable i n  size either to the thickness o f  the large 

amplitude wave or to the dimension of the bottleneck part of the magnetic field (Fig. la). 

In the former case the Fermi acceleration no longer works because the pulse can no longer 

trap the particle, while in  the latter case the particle cannot reflect back from the 

bottleneck, i t  either leaks into magnetosphere or moves to the downstream of the dark 

side of  the earth. Note that the thickness of such hydromagnetic wave pulse i s  of the 

order of proton cyclotron radius. Thus, only the electrons not the protons can be trapped 

and accelerated effectively i n  the Fermi process. The absolute upper limit of  the energy 

of the accelerated electrons is a few MeV at which the electron's cyctotron radius becomes 

cornparable to the cycfotron radius of a thermai proton (a few Kev). As shown in  the fol- 

lowing sections, this upper limit can, however, hardly be reached because of the short l i fe- 

time o f  the electrons spent in this transition region. 

2. GENERAL DESCRIPTION OF THE ACCELERATION PROCESS 

Consider a series of large amplitude waves propagating toward the magnetopause. 

We may express the total field strength as 

B(Z,t) = B (Z) +c H.(Z-Z. - u.t) +zb.(Z,t) 8 (Z - Z,) 
I 1  I I J J  3 0 

which contains three parts: B (Z), Hi(Z-Z. - u.t), and b.(Z,T) 8 (Z - Z.). 
0 I I  3 3 
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Here Z i s  the distance measured downstream from shock front along the line 

of force. B (2) i s  the large-scale background magnetic field, whose strength in general 

increases as Z increases because of the compression of the field, which possesses a 

magnetic bottleneck or maximum next to magnetopause, either at A or at B as indicated i n  

Fig. la.  B i s  a slowly varying function of time. In addition to B-, m a l l  scale magnetic 

irregularities with amplitude b.(Z, t) are located at various position Z,%. Those ir- 

regularities are due to current loops produced by the turbulent motion of  local plasma. 

0 

0 U 

J J 

H (2 - Z - u-t) i s  the magnetic pulse propagating outward from the shock front with 

the peak position 2. at t = 0. And u. i s  the parallel (to the line of force) component 

velocity of the traveling magnetic pulse. The general feature of such a field i s  shown 

I $.i I 

1 I 

i n  Fig. Ib which i s  roughly what the accelerating electron sees as it gyrates toward 

one of  the magnetic bottlenecks. 

We assume that the time variation of a l l  fields considered in this paper i s  in- 

sec). The 
-3 

significant within the time interval of one Larmor period of electron (-10 

motion of the particle is then guided adiabatically by the large-scale field and the 

magnetic pulse, but simultaneously scattered inadiabatically by the small-scale irregular- 

ities. As the magnetic pulse moves downstream the local electrons with pitch angle 

1/2 

larger than tan collide with one of the advancing pulses and bounce 

back to move toward the magnetic bottleneck. 4s the particles move into the stronger 

field, the longitudinal (parallel to the field line) kinetic energy W 

i s  converted into transverse kinetic energy W Then most of them reflect back and 

collide with the pulse again. The rest ot them with large init ial pitch angles may, 

of  the particle 
l l  

I' 
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however, overcome the magnetic bottleneck and follow the line of force to leak into the 

dark side of  the earth. 

Each collision with the advancing pulse only increases W but because the pulse I I  

i s  moving toward the stronger field, a part of this longitudinal energy i s  transformed 

simultaneously to W 

into the trapped electron. The feeding process continues itself until the electron gains 

Hence, the pulse feeds both longitudinal and transverse energy 1' 

enough longitudinal energy to penetrate the advancing pulse. Then the electron rolls 

over the crest of the same magnetic pulse and moves away from the stronger field region. 

Note that in  this process both longitudinal and transverse components of  the kinetic 

energy increase. But the increment in a single trip i .e. the net gain before the particle 

penetrate the advancing pulse i s  limited by the structure and magnitude of the magnetic 

f ield in the transition region, where in the quiet time of the sun the energy gain i s  

probably less than 5 times i t s  init ial energy, and while in the time of geomagnetic 

storm it i s  probably less than 10 times (see Sec. 3, Equ (14)). After the electron penetrates 

the first pulse and moves away from the bottleneck, i t s  transverse khet ic  energy i s  being 

converted again into longitudinal kinetic energy because of the decrease of field strength. 

Without the presence of small scale irregularities, the particle wi l l  penetrate successive 

pulse and i s  unlikely to be trapped but escapes out of shock front into interplanetary 

space. But the field irregularities b. scatter the electrons and randomize their energy distribution. 
J 

The net transfer of the electron's parallel component energy to i t s  transverse component energy, because 

of the scattering of  field irregularities, i s  pioportional to the degree of Anisotropy of the electron's 

energy distribution between i t s  two components (Parker 1964). When the particle i s  trapped 

ahead of the pulse, this scattering effect i s  insignificant because the pitch angle of the particle 

varies from less then 45 after the collision with the pulse to near 90 
0 0 

when it i s  about to be 

reflected back by the magnetic bottleneck, and the energy transfer between two components 
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tends to average out between successiGe collisions. Thus, the net gain of either W 

W due to scattering i s  small .But as the particle moves away from the bottleneck after 

penetrating pulses, W becomes much larger than 1/2 W and the pitch angle becomes 

consistently less than 45 

As a result, the scattering process reduces W 

or II 

I 

II ' -  1- 
0 

and the conversion of W due to scattering becomes effective. 1 
and increases W So the condition 

II i 
may be established before the particle escapes from the transition region 

B ', WI 
I I  

... 
W I I  

II to interplanetary space. Then the particle i s  trapped again by the wave train of 

advancing pulses and pushed toward the stronger field. 

The upper l im i t  of energy gain from the repeated process of accelemtion and 

redistribution i s  estimated to be 1 Mev. Electrons with such energy have Larmor radius 

of the same order to that of a Kev proton, which i s  the scale of the magnetic pulse. 

However, the electrons can rarely reach such energy since they are likely to be either 

pushed through the magnetic bottleneck into the dark side of the earth or escape to 

the interplanetary space before reaching this upper l imit of energy. 

3. MATHEMATICAL FORMULISM 

The process described in  Sec. 2 can be separated into two stepsr 

(1) The acceleration of charged particles when they are trapped ahead of an 

advancing magnetic pulse and bounce back and forth between the pulse and the bottle- 

neck of B (Z). 
0 

(2) The redistribution of the energy when the particle moves away from 

magnetopause. 

For the purpose of mathematical convenience, we w i l l  consider them separately. 
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A. Acceleration Process 

The motion of a trapped electron which shuttles between the magnetic pulse 

and magnetic bottleneck i s  guided adiabatically by B but scattered nonadiabatically by 
0' 

b,'s. 
J 

The equation of motion in an adiabatic varying magnetic field i s  well known: 

W 

B 
Here VII  i s  the parallel component velocity of the particle and p =L i s  the 

magnetic moment and i s  an adiabatic invariant. B includes only B and pulse field. The 

nonadiabatic scattering of - a charged particle by magnetic irregularities was treated by 

Parker (1964). He considered two examples of irregularities with shape b = 

0 

2 
d 

22 m d  b = 8 B (OXP- -), respectively. Here 8 i s  the relative amplitude and d 
d2 O - b  

the characteristic length of the irregularity. The transfer of energy from one component to 

another after passage through the irregularity i s  proportional, respectively, to 

i n  the first case and to i n  the second case, 

where f3 
particle has a maximum when d i s  of the order of 

large or small in  comparison to f2 . nus, we may write the net transfer of a particle's 

parallel component energy to i t s  transverse 

i s  the cyclotron radius of the particle, It i s  evident ihat the scattering of the 

f) and diminishes as d becomes either 

irregularities as: 

W w W 
L 1 

i s  the scattering coefficient. If we 

i s  given by 

where W = WII + WL i s  the total energy, 

take Parker's f i rs t  example as typical shape of the irregularities, 
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Here 37 b. and = d. are J the &(+)(..p- amplitude and characteristic &-) 4-f length of the j th . irregularity. The 

J J 
summation i s  to cover a l l  the irregularities within one unit distance along the path of 

the particles. The values of  37 depends on the number density and the amplitude of 

the small scale irregularities but does not depend on the energy distribution of the 

particles. 

Combination of Equations (2) and (3) give the equation governing the change 

of energy of an electron shuttles between the magnetic pulse and magnetic bottleneck. 

Solutions of Equations (4) and (5) can be shown to be 

I 
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measures the net transfer between two components of energy due to scattering a The path 

o f  integtution in Equation (8) follows the particle's trajectory from Z to Z. Equa- 

tions (6) and (7) may be compared to the weli-known fact that the longitudinal motion 

of  a charged particle in adiabatic varying field i s  equivalent to that of motion in a 

o n e 4  imensiona I potentia I jJ' = pB0 in ihe present case, p i s  not a constant but 

0 

equal to p(Zo)f(r),Zo,Z). 

Detailed calculation including the scattering function f(7)) i s  carried out in 

Appendix 9 ,  which gives the energy gain and pitch angle change of an electron during 

a trip riding ahead of the magnetic pulse. These quantities can be explicitly evaluated 

only after the form of B (Z) is given. As an illustration, the case that the strength of 

B (Z) increases exponentially with Z i s  shown in the Appendix. However, the actual 

f ield in the transition region i s  much mote complicated and obviously does not allow 

such sophisticated treatment. To be realistic, we assume that the scattering effect i s  

unimportant and can be neglected in the calculation of energy gain during the acceleration 

process. 

0 

0 

The physical reason for this point has already been mentioned in Sec. 2; i.e., 

the pitch angle varies from less than 450 to more than450after each reflection from pulse as the 

particles move downstream and the energy transfer between two components due to scattering 

tends to cancel each other between successive col lisionr. Calculations carried out in 

Appendix I for small 7 support this argument mathematically. 

The neglect of scattering effect greatly simplifies the problem. The successive 

collisions with the pulse does not necessarily increase longitudinal kinetic energy of the 
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particle. As shown in Appendix II, such an increase in longitudinal kinetic energy occurs 

2 
d Bo(Z) 

> 0. In fact, for a convexly varying magnetic field, a l l  the d22 only when 

energy gain of  the particle through collisions with the pulse i s  transferred to i t s  trans- 

._---- V c I s C :  Lutllpnent. --- The pitch tngle Inr iases iiitiitttriically as the p r t i c l e  M O V ~ S  into the 

stronger field. The particle cannot penetrate the pulse and eventually, after several col- 

lisions, i t  i s  pushed over the bottleneck and leaks out of the field. However, in a field 

under consideration, the particle moves from a turbulent field region toward a region next 

to the magnetosphere where the field strength increases monotonically. Thus, dBo(Z)' 
dL 

creases with distance. Both the longitudinal and the transverse components of energy in- 

in- 

crease. The change of  pitch angle depends on the ratio of the rate of the field strength 

change to the rate of energy gain along the path of the particle. If the rate of energy 

gain due to collisions i s  larger than the rate of f ield strength increase, most of the energy 

gain w i l l  be stored in the longitudinal component, and the particle i s  likely to penetrate 

through the pulse peak at Zp and moves to the outer part of the transition region. The 

condition that a particle penetrates a pulse i s  

However, the collision w i th  the pulse does not change p o  Thus, without scat- 

W p P )  
i s  a constant Let Z be the point where the particle was first 

tering )I= p J  1 

trapped by the pulse. We have from the adiabatic condition, 
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On the other hand, the particle can be trapped by the pulse at Z, only if 

Wl?) 
m II I 

Combination of Equations (lo), (1 1) and (12) gives 

w(z2) B (Z,) + H(Z1 
0 

Equation (13) gives the energy gain of the particle in a single trip. This quantity i s  

limited by the extent of the variation of the background field Bo and by the strength of the 

magnetic pulse ti. Consider Z to be some point in the outer transition region and Zp to 

be some point near the shoulder of the magnetopause (the bottleneck part). In consistency 

with the measurements of IMP-1, we may assume B (Z ) - 61/ ,  H(Zl) - 6 y, Bo(Zp) - 30y, 

and H(Zp) - 6 'y. This gives approximately 

1 

0 1  
I >  

Clearly, i t  i s  unlikely that electrons trapped only once can be accelerated to 30 Kev. 

B. The Redistribution Process 

After the particle penetrates the first pulse, i t  moves away from the magnetic 

bottleneck. At beginning its transverse kinetic energy i s  converted into longitudinal 

kinetic energy because of the decrease of the magnetic field strength. There i s  no ac- 

celeration along the path since the particle can no longer be reflected back by the 

successive pulses. But because of the increase of the asymmetry of the energy distribution, 
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the scattering effect becomes more and more efficient and the redistribution process 

begins. 

From Equations (6) and (7) and the condition as the particle 
I 

penetrates the first pulse, we have at  any position Z 

The particle can be trapped again by a second pulse, only if 

4. DISCUSSIONS AND CONCLUSIONS 

In a recent article, Jokipii and Davis (1964) suggested that these 30 Kev (or 

higher) electrons may be accelemted outside the shock front by a fint-order Fermi 

mechanism.. Field fluctuations carried by solar wind move toward the shock front, 

electrons are trapped . .  by the fluctuation and reflecting back and forth between the 

fluctuation and the shock front. As they pointed out, i t takes of the order of 200 
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reflections to accelerate a l-Kev electron to 50 Kev. Thus, about 90-95 percent 

of the electrons approaching the two mirror poinfs must be reflected to produce detectable 

fluxes. This requires extremely efficient randomization process produced by magnetic 

irregularities. In the model we discussed, the electrons are Fermi accelerated inside 

the transition region tnar the magnetopause. Tbe efficiency of  acceleration in this 

- 

region i s  of the same order as that in  the "outside" region. But the requirement for efficient 

randomization to trap the electrons in the acceleration region i s  much relaxed here. 

Because of the increase of field strength, the pitch angle of the electrons can be kept from 

decreasing even without efficient randomization of irregularity scattering, and a long 

duration of trapping i s  achieved. Efficient randomization occurs only when the electrons 

are not trapped by but rdl over the magnetic pulses, the distance tmveled and the 

irregularities encountered are many times that of a single reflection. Therefore, the chance 

that electrons wi l l  be trapped again i s  increased. Since an electron gains about three 

times i t s  ini t ial  energy i n  a single trip, it takes of the order of log trip 
4 3 x 1 0  

3 w  
0 

to boost a particle's energy from Wo ev to 30 Kev. Thus, for a 1-Kev electron it has 

to be trapped three times while for a 10 ev electron it has to be trapped seven times. To 

produce detectable fluxes only 10 percent of  the electrons need to be retrapped. The time 

required in  this acceleration process can also be estimated. The electrons are trapped by the 

magnetic pulse somewhere in the transition region and penetrate the pulse near the magneto- 

pause. Thus, the distance traveled by the pulse i s  10,OOO km. The propagation velocity 

of the pulse along the field line i s  200 km/sec (the Alfven velocity near the magnetopause). 
/ 

Therefore, i n  order to reach 30 Kev, electrons with energy W 

region for at least 50 log 

need to stay i n  the transition 
0 

4 
3 x  10 sec, which i s  of the order of a few minutes. 

3 w  0 

As a conclusion of this paper, we would like to l i s t  the basic assumptions of the 

proposed model and the major consequences which can be checked experimentally. 
- 13- 



Basic Assumptions 

(1) There a r e  large ampli tude waves or ig ina ted  from t h e  shock propagat ing 

toward the magnetopause to cause the  trapping a n d  bouncing of  e lec t rons .  

(2) There a r e  small scale magnet ic  i r regular i t ies  to cause t h e  randomizbtion of  

pitch ang les  o f  e lectrons.  

(3) The  magnet ic  f ie ld  in the  transition region is, in genera l ,  stronger nea r  

t h e  shoulder  of t h e  magnetopause through compression than  i n  t h e  outer  portion o f  the  region.  

These assumptions are, as expla ined  in the ea r l i e r  part of  this  paper ,  theore t ica l ly  

founded,  And t h e y  a r e  also compatible  with the present experimental  knowledge.  

Major Consequences 

(1) Only e lec t rons  c a n  be accelerated. The upper limit of t h e  accelerated 

e lec t ron ' s  ene rgy  i s  roughly 1 MeV. 

(2) The accelerated electrons tend  to bunch toge ther  because  t h e  t rapping 

regions are a h e a d  of the wave  pulse. Also, t h e  acce le ra t ion  process is more l ike ly  to 

happen  in  the upper part of t h e  transition region where t h e  average in te rp lane tary  magne t i c  

f ie ld  i s  under compression. Because the e lec t rons  move a long  the in te rp lane tary  f ie ld  l ines  

(Fig. la) which make  a n  a n g l e  with the sun-ear th  l ine,  t h e  e lec t rons  are more l ike ly  to be 

re f lec ted  back b y  t h e  bot t leneck  A than  by  the bot t leneck B i n  t h e  lower part of t h e  t ransi t ion 

region. And o n e  would expect to find more "islands" o f  high ene rgy  e l ec t ron  in t h e  upper 

region than  in the  lower region.  

(3) The intensi ty  of t h e  high ene rgy  e lec t rons  is c losely cor re la ted  with the  

deg ree  of disturbance of  the magnet ic  field in the  transition region (the e v i d e n c e  of the 

presence o f  la rge  ampli tude wave). After the transition region i s  hi t  by a magne t i c  storm, 
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there should be a time lag of the order of a few minutes before any increase in the 

intensity of high energy electrons. 

(4) The accelerated electrons may leak out of the shock front to interplanetary 

space. They m y  also be pushed through the bottleneck part of  the field and leak to the 

dark side of the earth. 

(5) The angular distribution of the accelerated electrons i s  anisotropic. 

Comparison with the existing experimental measurement indicates good qualitative 

agreement for the major consequences as listed in ( I ) ,  (2), (3) and (4). The angular 

distribution of the high energy electrons, as far as we know, has yet to be measured. 

Thus, no data are available to check the consequence (5). However, this i s  probably the 

most interesting one. According to the proposed mechanism, when the electron i s  about 

to penetrate the magnetic bottleneck near the magnetopause at 6 (Cf.Fig.2), 

But after it penetrates the pulse 
2 WL and tan Q ( f )  

and moves away from the stronger field, most of i t s  energy is transformed to longitudinal 

component Conservation o f  energy gives 
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approaches unity, Thus, W approaches W and the energy of the accelerated electron 

tends to reach ix>tropy. A measurement of the pitch angle along the field line with 

satellite should well indicate the correctness of our conjecture. 

I II 
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APPENDIX I 

We want to calculate the energy gain and pitch angle change of an electron 

during a trip riding ahead of a magnetic pulse. The energy of an electron at different 

positions between two successive collisions i s  given by Equations (6), (7) and (8) 

of Section 2. 

Now let Z be the position where the electron makes its first collision with the 

magnetic pulse. W (Z 1, W (Z ), VII and 8 be the longitudinal energy, the transverse a i 1  1 1  

energy, the longitudinal velocity, and the pitch angle of the particle at Z before 

collision, respectively. cl be the mirror point after first collision, Z2 be the position 

of the particle at the next collision and 7 be the time duration between the two collisions. 

Then from Equations (6) and (7) and the fact that the collision increases the 
2 

longitudinal energy of the particle by a factor of y =  ( I  +%) , we have 

T =  s in  

where the integral sign 

electron's trajectory from Z to cl, then from 5, 
means the path of integration i s  to be taken along the 

1 

1-1 
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Equations (1-1) to (1-5) determine implicitly the energy, the pitch angle and the 

position of the electron at next collision i n  terms of the same quantities at first collision. 

The explicit expression, however, may be evaluated only after the form of Bo@) i s  given. 

The particle is pushed into stronger field by successive collisions. The energy of 

the particle at Position Z o f  a later collision i s  given by 
n 

w p n l  = ~B,”1’ ’0 ‘n) W p 1 ’  f(71,Z1,Zn) (1 -6) 

1 WII(Zn) = W,I@,) + wp, ’  f ( q , Z l , q  

and 

n 2m(u + V,,(x)) 

T ( X )  

dx +P 1 

W(Z ) = W(Z,) + 4  
n 

After a number of reflections, the electron eventually penetrates the pulse 

at Zp. The total energy gain during the whole trip i s  given by 

where the change in pitch angle i s  given by 

1-2 

(1 -7) 



(1-10) 

To illustrate the calculations, consider the case that 7) is a small constaht; i.e., 

the magnetic irregularities are evenly distributed. And B (Z) = B (0)ez', where L i s  
0 0 

the scale length of  the field variation.. Comparison with the actual transition region 

magnetic field, whose strength increases from a few 

L should be of the order of 10 km. Then the scattering function can be evaluated 

to 30y near the magnetopause, 

4 

1 (1-1 1) 

In the calculation of Equations (1-1) to (1-5), the distance traveled by electrons 

between the collision point Z and mirror point 5 i s  short. (Effective Fermi acceleration 
n n 

occurs as the electrons are pushed near the magnetopause, when the number of reflections 

per unit time increases. )We may write 

z-z 
0 

z-z 
L 

0 

=1+-  L 
e (1-12) 

This i s  equivalent to assume that the field can be considered linearly varying with 

Z between two collisions. Also, because 71 i s  small 

then 

1-3 

(1-13) 

(1-14) 



. - .  

Substitute Equation (1-14) into Equations (1- l ) ,  (1-2) and (1-3) gives to the 

1 
lowest order of 7 )  and - L 

2 
4L cot 0,  

(1-15) 

(1-16) 

(1-17) 

(1-18) 

where 

u l  I [ I +  1 + L7)(cot Q1 - 1) VIl (z,) 

2 
4 cot Q1 2 2 

2 

2L7jcot Ql(COt 8 1 - I )  

1 + L7)(cot28, - 1) 

2 u  
Note that when r )  = 0, x= 1 + 4 cot 8 

Equations (1-17) and (1-18) become 

w p  1) 
vll(zl) " J  2 

W1(Z,) = 1 + 4  cot Q1 , I (1-19) 

(1 -20) 

Thus, the increase of W i s  first order in u/V while the increase of W i s  second order I II II 
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in u/VI,. The energy of the electron after a number of collisions can be evaluated by 

neglecting higher order terms of u/ in Equation (1-8) II 

which gives the energy gain of the trip ahead. 
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APPENDIX II 

bBo(Z1 + ut) 

The equation governs the change of longitudinal component energy of a 

particle in an adiabatically varying field i s  

dZ I 

(2- 1 ) 
dZ I -  bz 

Transform the above equation to the frame of reference moving with the ad- 

vancing pulse 

The longitudinal energy change between two successive collisions in the prime 

system is  

(2-3) 

The pulse i s  stationary in this system, 50 two collisions occur at the same posi- 

b Bo(Z'+ut) 
0 

tion. But B depends on time and i s  to be evaluated along the particle's 
a Z' 

0 

path. Hence although the integral i s  a closed one i t  in general does not vanish. 

Equation (2-3) can be written as 

r tc' 
bWl l  = -/-L I r o  B'(Z'+utlQ')) - B'Q'+utg(Z'))] 0 dZ' 

J I  
Z 

0 

where Z ' and c' are the collision position and the mirror posi 
0 

11-1 

(2-4 1 

ion, respective I y 



z . . 

r Z'+Utl dx 

i s  the time interval for the particle to travel from Z '  to Z'. 
0 

dx 

i s  the time interval for the particle to travel from Z to (' and then return to Z ' e 

By applying mean value theorem, Equation (2-4) can be written as: 

0 

6 i s  some  value between Z' +ut 

A W  

gains energy in both longitudinal and transverse components. In the latter case a l l  the 

and Z' +ut2. Since 

> 0 for 8 " )  0 where AW (0 for B " < O .  In the former case the particle 

5' > Z ' and t2(2') > t, @*), 1' 0 

11 0 ll 0 

energy gain of the particle through collisions with the pulse is  transferred to i t s  trans- 

verse component, and the longitudinal energy is, in fact, reduced. 
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